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THE CALCULATION OF TAKE-OFF RUN

By WALTHRS. DLEIHL

SUMMARY

.4 comparatwely simple method of cakukting length
of take-o$ run is a%vebpedfrom the amumptiw of a
linear variation in net accelerating force with air speed
and ii is shown that tlw error involved h negligible.
The runformula is reducedto

Where V, is the take-o$ sped, T, is the indiul net
aczeleraiingforce, W h the gross weightand & a IX@i-
cient depending only on the r~w of initiu.1to jina.1n.ei
acceleratingforce. Detuiik? inatrudti are given for
application of thaformu?u andfor the eakulution of d?
factors involved.

INTRODUC’ITON

Exact calculations may be made for the distance
run during the take-off of a kmdplane if sufficient data
are available on pmpellw, engine, and airplane char-
acteristic, and if some assumption is made regarding
the pilot’s technique. The calculations are necw-
sarily laborious since the relations are such that step-
by-step integration is required. In most cases lack of
esact data on power plant and airplane prevents an
exact calculation even if such were desired, while for
all practical purposes a close approximation is all that
is needed.

A number of formulas and methods have been pro-
posed and used extensively in the past for calculating
take-off runs. Most of these methods are based on
average thrusts obtainable with the power plants
formerly in use, and under favorable conditions gave
satisfactory results. However, the advent of l@h
performance has brought about changes in propeller
design, for example, that greatly affect the take-off
run so that a complete revision is required to accom-
modate the new variables.

The present study is concerned with the develop-
ment of a method suitable for routine take-off calcula-
tions in the Bureau of Aeronautic of the Navy
Department. Such a method, to be satisfaotmy, was
required to be reasonably simple without neglecting
any importmt variable. The method derived in this

or has been in use long enough to justify consider-

able confidence in its validity. All attip~ tOobtain
a more simple method have resulted in unsatisfactory
reliability. While the method here presented is in-
tended as a practical approximation to a difficult
problem, it is highly probable that greater accuracy
would have no significance in view of lack of definite
knowledge regarding basic data.

Unless otherwise spectied the take-off run is to be
the run required to attain a given air speed in a calm;
lb.-ft.-see. units will be used.
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GENERAL CALCULA’ITON OF TAKE-OFF RUN

The major forces acting on the airplane during take-
off are thrust, air drag, and friction drag. In the
simplest case, at constant angle of attack, the air drag
will vary as the square of the air speed and the friction
cbxqgwill vary with the load on the wheels. The net
acmlerating force will then be the diilerence between
the thrust and the total drag as indicated on Figure 1.
For convenience, the forces may be redueed to unit
values by dividing each by the gross weight.

k genmil the take+ff maybe considered to consist
of three stagea: A short initial period during which the
tail is raised to normal position, a relatively long
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period of acceleration at a substantially constant
angle of attack and a short period during which the
a@e is ~cr~ed for &Mfi- It ~ possible for the
third stage to be partially or wholly suppressed, de-
pending on the airplane characteristics and pilot’s
efforts. II a defkite sequenm be assumed, the corre-
sponding curves for air drag and friction ~W may be
determined. The variation of thrust with air speed
may be calculated from engine and propeller test data.
The normal tendency is for the thrust to decrease
slightly with increase in speed and with a substantially
linear relation, as indicated on Figge 1. In some
cases, however, the thrust may remain constant, or
even increase with air speed.

~ that the thrust and the drag are known as
a function of air speed, the calculation of take-off run
is made as illustrated by Figure 2 and Table 1. The

Air md grounds~d, f@ec, V

~GUEE 2

curve of net accelerating force F/Win Figure 2 is the
same as that in Figure 1. The acceleration is given by

a=g ();
(I5’=–anda=~

‘km v dt

(1)

(2)

if ~ is plotted against V as in Figure 2 the area under-
a

the curve is proportional to the run S. This area may
be found by any convenient method, such as by a
planirneter, the trapezoidal rule or Simpson’s rule.
The trapezoid rule used in Table I is ordinmily the
simplest method. By this method the area under a
curve, between any number of equally spaced ordi-
nates, is equal to the prod”uctof the sum of the inside
ordinates plus one-half of the end ordinates, by the
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spacing between the ordinates. It is usually given in
the form t

A=(j@l+3/2-t3/3 . . . . )@n) Ax

where yl, vZ,ya . . . . y. are the ordinates of the curve
equally spaced at the distince AX apart.

EQUATIONFOR TAKE-OIT RUN

An extended analysis of calculated take-off runs in
comparison with observed runs leads to the following
conclusions:

1: The effects of thrust variation, gross weight, take-
off air speed, amd wind speed predomirmi%to
such an extent that in practice all other vmi-
ables maybe neglected.

2. The effect of normal variations ill power is so
great that considerable latitude is allowable in
simpli@g assumptions.
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3. The effect of thrust variation from the static con-
dition to take~ff is of such prim= importance
that proper allowance must be made for the
propeller characteristics.

4. The effects of wind speed and actual tie-off
speed are best handled in the form of correc-
tions to the run required to attain stalling speed
inacahn.

The most promising method of simplifying the calcu-
lations appears to be in the assumption that the net
wcelerating force varies linearly with air speed m
ndicated on Figure 3. The calculations of Table II,
based on this assumption, shows a run of 448.8 feet,
w compared with 439.3 feet obtained in Table I.
l%is is an error of less than 2.2 per cent, for what mny
De considered an average case. Such an error is
entirely negligible in comparison with the uncertainty
in power or propeller characteristics, and the variation
in piloting.
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With the assumption of a linear variation in net
accelerating force the relations are as shown on Figure
3. The thrust per pound varies from TO/W at the
start, To being the static thrust, to TJW at take-off,
T, being the thrust at take-off speed V. The total
drag per unit weight varies from p-f/W at the start to

~= l/(~)=; at the take off. The net accelerating

force per &it weight at the start is

The net accelerating force at take-off is

T, T,D’—.——Wwz ~ (4)

Since the net accelerating force varies linearly with air
speed it follows that

(5)

where (1–K) is the ratio of the fhl to the initial
accelerating force. That is,

(l–K)=~or K-~.

The rcwdting equation of motion is

(6)

(7)

Integrating this gives

‘“#-%F”(w’g(=al‘8)—
I’or take-off at speed Vs equation (8) reducca to

s=q[~(- I-&log (1-K))] (9)
9+

The term within the brackets on the right hand
side of equation (9) depeDds only on the ratio of the
dnal net thrust to the initial net thrust TJTI.
Hence we may write

(lo)

where S0is the total run to attain the speed V. in a calm

andK,-&- 11–&log (1–K)) .

Calculated values of K, are given in Table IH and
plotted on Figure 4.

In order to use equation (10), the static thrust and

the thrust at takedf speed must be known. Methods
for calculating the thrust will be given.

TIME REQUIRED FOR TAKE-OFT

h some cases the time required for take-off is of
importance. This may be obtained from equation (6)
written in the form

dV ~=g$dt
l–KR

- (6a)

1.10
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from which, by integration

t= –~, log(+)
()

(11)
gK ~

For time to take-off speed V= V,, this becomes

i’ —–: [+IOF3 (1–K)]
()

(12)

9W

As h- equation (9), the term in the brackets depends
only on the ratio of the net thrusts. Hence \

K, V,
to” —T,

()w

(13)
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where t is the time in seconds to attain the Mm-off

-–.; log (1–K).speed Vt (ii ft./see.) in a calm and Kt=—
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Calculations for K, are given in Table Ill and K, is
plotted as a function of the ratio T~/T,on Figge 5.

INITIAL NET ACCELERATING FORCE

The initial net accelerating force per unit weight is
deilned by equation (3)

(3)

In reference 4 it is shown that the static thrust may
be calculated by the equation

T =KTOXb. hp
0 r.p. m.x D

The static thrust coefficient K~Omay be plotted as
a function of blade angle at 0.76 R as in Figure 6.

FIIXIEE 7.-Ckr&fon for obtainfut blade angle at0.76 radh from blade
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=D]S ~Or 10 ft. dh. DI’OD.
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Since it is common practice to adjust or read the blade
angle at a given station regardless of the propeller
diameter, a correction must be applied to obtain the
setting at 0.75 B. Figure 7 gives the correction
Adto convert the blade angle at the 42-inch station to
the corresponding value at 0.75 R. The 42-inch
station is 75 per cent of 56 inches, so that the correc-
tion is zero for a diameter of 9 feet 4 inches. For
dknetm less than 9.33 feet the 0.76 R station will
therefore lie inboard of the 42-inch station and con-
sequently will have greater blade angles, i. e., AOis
positive. For diametars greater than 9.33 feet the
0.75 R station blade setting will be less thnn at the
42-inch station, i. e., Ad is negative.
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Kro may &O be plotted against the V/nD for
maximum efficiency as in Figure 8. In design studi~
it is problably more convenient to use V/nD than
blade angle. Under normal conditions the two
methods give identical results, but in general the
blade angle is slightly preferable owing to the practice
of setting the pitch instead of changing diameter to
obtain the desired revolutions.

The coefficient of traction p must be selected accord-
ing to ground conditions. It vaxies horn about 0.02
for a smooth surface such as a concrete runway or a
flight deck to as much as 0.30 for a sandy surface. In
the absence of exact data, the following values may
be used:

Smoothdeckor hardsurface --------- ~=0. 02
Good field, hard turf ---------------- jI=O. 04.
Average field, short grass------------ ~=0. 05
Average field, long &K---_-------- w=O. 10
8oft ground, gravel or sand ---------- u=O. 10 ta 0.30
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FINAL NET ACCELERATING FOitCE

The final net accelerating force per unit weight is
defined by equation (4)

T~ T, D~= ~.z (4)

where T, is the thrust at take-off speed and D/L is
the ratio of drag ta lift.

T, may be obtained “from the thrust horsepower at
take-off speed V, by the use of Figure 9, which iEa plot
of t.hp/t.hp= against V/Vm. The thrusthorsepower
at take-off speed is the product of the maximum t.hp
by the ratio t.hp/t.hpm from the curve, or

t.hp
t.hp = t.hp. X =

The corresponding thrust is given by

(15)

(16)

Rotio
aced v

‘ Maximum speed = ~

FmoaE9.-oeneralfaa-tbrotuetap. Cnl-ve

The value of D/L maybe taken as the reciprocal of
the maximum yalue of L/D for the @lane, which is
usually known. Figure 10 is a plot of (L/D)m as a
function of aspect ratio and total parasite coefficient
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EFFEOTOF ‘iVINDON TAKE-OFFRtJN

While the effect of wind may be obtained directly
horn the integrated equations of motion, it is always
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more convenient to apply a correction to the run in a
cnhn. &MIysis of ~ ‘s&ies of take-off runs under
various assumed conditions shows that a single curve
(fig. 11) is suilicient to give the correction factor.
In Figure 11 the ratio of the run Su in a wind V= to
the run S0 in a calm is plotted against the ratio of
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wind speed Vm to the take-off speed V,. When the
runinacalm fiknmvn,t herun inany windis

Sm==sox+
0

(17)

the value of SJSo be@ read from Figure 11 for
the value of V./V. corresponding to the-desired Vm.

EFFECT OF CHANGES IN WEIGHT AND TAKE-OFF
SPEED

‘The effect of a change in weight is to change both ‘
the take-off coefficient K, and the take-off speed T~,.
Sinca W/V? is assumed constant

(18)

where F is a cm-rection factor to allow for the varia- .
tion in K,. Fignre 12 gives F as a function of WJW2
and TJTI. It will be noted that for small changes
in weight (+25 per cent) and for normal values of
T,/T. (i. e., 0.60 to 1.00) the value of F may be taken
as unity for most purposes, the average err6r probably
being of the order of 3 per cent.

men the stalling speed is varied, with weight held
constant, there will be a slight change in the ratio
TJT~ and a corrmponding change in K,. In general
these charges are negligible sc that for all prnctical
DUI’DOS@S. .

(19)

INSTRUCI’IONS FOR CALCULATION OF TAKE-OFF RUN

In gmeral the use of equation (10) roquirea tho
follow@ steps:

1. Obtain the static thrust coefficient K~Ofrom Fig-
ure 6 or Figure 8 and calculate the static thrust
TOusing equation (14);

2. Divide the static thrwt by the grow weight, and
subtract the proper value of the coefficient of
traction p to obtain the initial net accelerating

force per unit weight # (equation (3));

3. Calculate the thrust available at take-off speed
TV using the method described abovo, equa-
tions (15) and (16) with Figure 9, and divide
T, by the gross weight;

4. Calculate or edimato the maximum .L/D of the
airplane (using Figure 10, if necessary) and
subtract the reciprocal from T,/TVto obtain the
final net rwcelerating force per unit weight
T=/W (equation (4));

5. Take the ratio of TF/T1and read the camspond-
ing value of the take-off coefficient K, from
Figure 4.

6. Calculate the take-off run in a calm, using this
vri@e of K, with equation (1O);

7. Apply corrections as required; for wind using
equation (17) with FiOgme11, or for a d.i.derent
gross weight using equotion (18) with Figure
12.

An example of a calculation for take-off run, showing
[nethod of tabulating work, is giveri in Table IV.
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TABLE I

CALCULATED TAKE-OFF RUN USING NET ACCEL-
ERATING FORCE SHOWN ON FIGURE 2

0 LUf& 144E
14.13

: . 4ml 13.77
w .4M6 1330
40 .40m gg
so . 3Wb
w .m IL 97

.Mb5 1143
E .S3al 10.67

.3105 1:X
1% .m
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TABLE II

CALCULATED TAKE-OFF RUN USING ASSUMED
LINEAR NET ACCELERATING FORCE SHOWN ON-.
FIGURE 3

T
O’ awl

.434fl .420
33 .4X
40 .&xl
50 .376
a) .$s0
70 .345
m .S31
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G .W
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a

Me3.f
1 1 I

in
L49
233
3.19
4.14
&la
&al

Niil
m 35

:35
L4S
a34
aa3
9.75

14.a
m.ls
27.03
?aZ7
44B

1 1 1

w
/70+;0,#a
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~=P($,) ‘
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TABLE Ill

CALCULATION FOR K. AND K,

Ic=xl-m
log(l-K) m

A,
a= 291fm9

.&0&
. W5310

+. 04sm M. 510ce
o ———.-.-..
–. C51293 –a slim
-. 1C=5M0 –lo. C2.fa3
–. Imlfl –7. m
–. ZBM3 –h 572s57
–. !a7es2 -4 Cm912
–. W875 –% eeaa
–. 51- –3. lslaw
–. @33147 –2 ?72a9
–. 910291 –2545m2

–L m –245m7
–L W -2514748
–2 aC?s5 –z Wa95

–x ma
–5. am

-la m
-m IMxl
..-. —— --—
+fl~

k=
4.@xll
33223
2fml
2m
L&.%
L4W71
L-
L 1111

EXAR~PLEOF CALCULATIONSFOR TAKE-OFF RUN

Rwlmrk9

Airplane m----------------------------- Bkdano
Ciw wQbt Web------------------------- 3,CC0

~—---------------------- ‘P -
b&/’w&y

. &-----------------------
Wfm fcadf&%Slb& ft-------------

P-%uc-s?zi:::::::::::::::
+

-—

Stanfng spa v*fL/s90---------------------
M3xlmum.91Wxfv. ft.jra_.__.-__ ....- 2%

ProIMeI diometer D fL__ . . ..–___-– . . . . 9.0
~ti----------------------------------- J-J
Q——----—----------------------------------
tip--— ------------------------------ .Ym =&aflP.

_abhde settfng 42’ R---------------- XL@ Sottfw @m.

~*E%&%w%!&c:::::::::: % Fm;m=l

ma tbmst mafodellt ire------------------ mm
Er.Xb.b& s.

Statfotbrnst T.-~ pmx~ --------------- r. 240 Eqnatlon (14).

$._...- ..-. —.-- —.-. — - .-.-.---— -------- . 41a

~
9

0. Olsxl
. OIS-74
. 0145s

( ~~

. Olom

.01723

. mm

. ols74

.01957

. 021=

. G1401

.m

. (QKn

.Ca021

.C=33il

-log:-x) -+%- K
OK

a 8745 0. 0271s
. 9U6 o-x-?
.W!31 .0m32
.9759 .Cc#3

(p&) . mm
. @l&a

LWS .a3a75
.CE2a

k?% .a3407
L l&Y7

:%
%% .W
L2$?3 .M3@C1
L5272 . ot747

.W40
M! .m
25W . 07@52

TABLE IV

EXAMPLE OF CALCULATIONS FOR TAKEOFF RUN—
Continued

Renuxks

% (2–P) ~-.m ----------------- .Wn Eqn8tlon (3).

Rntlov. z---... —-..--.....----------- .373
t.kp/Lbatv, – ......-. -....-. -....--------

b
:: %Eii?iI$

tap at b-------------------------------- 1~
TkmstatV. T,=.. —----------------------- 1,240

=------:----:--”---:-----”== 9.0 See Flguro 10.

$- (g-~-.r::..:::::::::::--:.-.... .302 Equation (4).

Ratio TPITI ------------------------------- .770
‘IWWAJff rcmmcm~dent K------------------ . 01s3 From Figure 4.

Run so- _ [t——. . . . . . . . . . . . . . . . . . . . 313 EqnotIon (10).

W’fnd vdwfty VwtitJ=-------------------- 40

/
Ratiov- v*------------------------------- .4
Ratio s. s,-------------------------------- - .!295 From Fkrm 11.
s. k------------------------------------- -92 Equntfon (17).


